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Decompositions of Besov-HausdorfF and 
Triebel-Lizorkin-HausdorfF Spaces and Their Applications 

Wen Yuan, Yoshihiro Sawano and Dachun Yang * 



Abstract Let p G (1, oo), g G [1, oo), s e M and t e [0, 1 — ,nax{p q} ] • ^^^^ paper, 
the authors estabhsh the (^-transform characterizations of Besov-Hausdorff spaces 
B7j^;J(K") and Triebel-Lizorkin-Hausdorff spaces Fif^;J(K") {q > 1); as applica- 
tions, the authors then establish their embedding properties (which on BHp'^{M."-) is 
also sharp), smooth atomic and molecular decomposition characterizations for suit- 
able T. Moreover, using their atomic and molecular decomposition characterizations, 
the authors investigate the trace properties and the boundedness of pseudo-differential 
operators with homogeneous symbols in i3_ffp'J(R") and FHp''^(W^) {q > 1), which 
generalize the corresponding classical results on homogeneous Besov and Triebel- 
Lizorkin spaces when p e (1, oo) and q £ [1, oo) by taking r = 0. 

1 Introduction 

To establish the connections between Besov and Triebel-Lizorkin spaces with Q spaces, 
which was an open problem proposed by Dafni and Xiao in [6], Yang and Yuan [30, 31] 
introduced new classes of Besov-type spaces Bp]q(W^) and Triebel-Lizorkin-type spaces 
-Fp^'g (M"), which unify and generalize the Besov spaces -Bp g(M"), Triebel-Lizorkin spaces 
Fp,j(M"'), Morrey spaces, Morrey- Triebel-Lizorkin spaces and Q spaces. We pointed out 
that the Q spaces on were originally introduced by Essen, Janson, Peng and Xiao [8]; 
see also [6, 8, 27, 28] for the history of Q spaces and their properties. 

Let p G (l,oo), q G [l,oo), s G M and r G [0, (max{p g})' ]' ^'^^^^ ^^'^ what follows, 
t' denotes the conjugate index of t G [l,oo). The Besov-Hausdorff spaces BHplq{M.^) 
and Triebel-Lizorkin-Hausdorff spaces FHplq{W^) {q > 1) were also introduced in [30, 
31]; moreover, it was proved therein that they are, respectively, the predual spaces of 
S^;; J(M") and FpTgf (M"). The spaces BHplqiW) and FHplKW) were originally called 
the Hardy-Hausdorff spaces in [30, 31]. However, it seems that it is more reasonable to call 
them, respectively, the Besov-Hausdorff spaces and the Triebel-Lizorkin-Hausdorff spaces. 
The spaces BHplq{U."') and FHplq{W^) unify and generalize the Besov space Bp^^{W^), 
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the Triebel-Lizorkin space Fp g(M") and the Hardy-HausdorfF space HH^ai^"'), where 
HH^^(R."') was introduced in [6] and was proved to be the predual space of the space 
QaO^ ) therein. 

It is well known that the wavelet decomposition plays an important role in the study 
of function spaces and their applications; see, for example, [19, 20] and their references. 
Moreover, the (/j-transform decomposition of Frazier and Jawerth [10, 11, 12] is very sim- 
ilar in spirit to the wavelet decomposition, which is also proved to be a powerful tool in 
the study of function spaces and boundedness of operators, and was further developed by 
Bownik [3, 4]. In this paper, we establish the (/j-transform characterizations of the spaces 
BHp^(W^) and FHplq{W^); via these characterizations, we also obtain their embedding 
properties (which on BHplq{W'') is also sharp), smooth atomic and molecular decom- 
position characterizations for suitable r. Moreover, using their atomic and molecular 
decomposition characterizations, we investigate the trace properties and the boundedness 
of pseudo-differential operators with homogeneous symbols (see [16]) in BHp'^{W^) and 
FHplqiW^), which generalizes the corresponding classical results on homogeneous Besov 
and Triebel-Lizorkin spaces when p G (l,oo) and q G [l,oo) by taking r = 0; see, for 
example, Jawerth [17, Theorem 5.1] and [18, Theorem 2.1] (or Prazier-Jawerth [12, The- 
orem 11.1]), and Grafakos- Torres [16, Theorems 1.1 and 1.2]. Recall that the study of 
pscudo-diffcrcntial operators with non-homogeneous symbols on non-homogeneous Besov 
and Triebel-Lizorkin spaces using <y9-transform arguments was started by Torres [23, 24]; 
the results in [16] are based on these works. See also those articles for other references 
to previous work on pseudo-differential operators on Triebel-Lizorkin spaces using more 
classical methods. We will concentrate here on (^-transform arguments. 

To recall the definitions of BHplq{W^) and FiiTp^g (M") in [30, 31], we need some notation. 
Let 5(M") be the space of all Schwartz functions on R". Following Triebel's [25], set 

<Soo(M") = j <^ € S{W) : / <f{x)x^ dx = for aU multi-indices 7 G (N U {0})" 

and use jS^(M"') to denote the topological dual of (Soo(M"), namely, the set of all continuous 

linear functionals on 5oo(lR"') endowed with weak *-topology. Recall that S'{M.'^)/V{W^) 
and 5^(M") are topologically equivalent, where 5'(IR"') and P(M") denote, respectively, 
the space of all Schwartz distributions and the set of all polynomials on R". 

For each cube Q in M", we denote its side length by i{Q), its center by cq, and set 
jq = — log2^(Q). For k = {ki.--- ,kn) G Z" and j G Z, let Qj^ be the dyadic cube 
{(xi, • • • ,x„) : ki < 2^Xi < ki + 1 for ?' = 1, • • • ,n} C M", xq be the lower left-corner 
2-^k of Q = Qjk, P(M") = {Qjk}j,k and v/{W') = {Q € V{K") : i{Q) = 2-^}. When 
dyadic cube Q appears as an index, such as X^Qei^CM") {'}qgV{R")i it is understood 
that Q runs over all dyadic cubes in M". 

For X G and r > 0, we write B{x, r) = {y G M" : \x — y\ < r}. Next we recall the 
notion of Hausdorff capacities; see, for example, [1, 29]. Let E C M" and d G (0, n]. The 
d- dimensional Hausdorff capacity of E is defined by 



H'^{E) = inf < 



Y^r^'r- E^[jB{x^,rj) 



where the infimum is taken over all covers {B{xj, rj)}°^^ of E by countable families of 
open balls. It is well-known that is monotone, countably subadditive and vanishes on 
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empty set. Moreover, the notion of H"^ can be extended to d = 0. In this case, has the 
property that for all sets E C M", H^{E) > 1, and H^{E) = 1 if and only if E is bounded. 
For any function / : M" t-^ [0, oo], the Choquet integral of f with respect to H'^ is defined 

by 

/ fdH'^= r H'^iix eR'' : f{x)>\})dX. 
7k" Jo 

This functional is not sublinear, so sometimes we need to use an equivalent integral with 
respect to the d-dimensional dyadic Hausdorff capacity H*^, which is sublinear; see [29] 
(also [30, 31]) for the definition of dyadic Hausdorff capacities and their properties. 

Set R"+^ = Wx (0, oo). For any measurable function u on R^'^^ and a; G M", we define 
its nontangential maximal function Nuj{x) by setting Nuj{x) = sup\y_^\^^ \ uj{y,t)\. 

In what follows, for any € 5(]R"), we use J^(p to denote its Fourier transform, namely, 
for all C G M", J^'^iO = e-'^'-'Lpix) dx. For all j G Z and a; G M", let 9?j (x) = 2^''ip{2ix). 
For any p, q E (0, oo], let (j)\/ q) = max{p, q}; and for any t E [1, oo], we denote by t' the 
conjugate index, namely, 1/t + 1/t' = 1. 

We now recall the notions of BHplqiW^) and FHplKW^) in [30, Definition 5.2] and [31, 
Definition 6.1]. 

Definition 1.1. Let (p G 5(M") such that suppTcp C G : 1/2 < |C| < 2} and J^ip 
never vanishes on G M" : 3/5 < |C| < 5/3}. Let p G (1, oo) and s G M. 

(i) If g G [1, oo) and r G [0, ^J^y ], the Besov-Hausdorff space BHplq{R^) is then defined 
to be the set of all / G >S^(M") such that 



I") 



= inf < 



^2^-^^||^,*/[a;(,2-^-)]-i 




< oo. 



where u runs over all nonnegative Borel measurable functions on R^^ such that 

[Nu{x)]^P^'iy dH^'^P^iy (x) < 1 



(1.1) 



and with the restriction that for any j G Z, uj{-,2~^) is allowed to vanish only where ipj * f 
vanishes. 

(ii) If q <E (l,oo) and r G [0, j^^^], the Triebel-Lizorkin-Hausdorff space FHpll{W^) is 
then defined to be the set of all / G S'^{R'^) such that 



< oo. 



LP(M") 



where cu runs over all nonnegative Borel measurable functions on R^^ such that uj satisfies 
(1.1) and with the restriction that for any j G Z, co{-, 2~^) is allowed to vanish only where 
tpj * / vanishes. 



Bm 



To simplify the presentation, in what follows, we use AHp]q{R'^) to denote either 

denotes FHplq(R^), then it will be under- 



pay > 



or FHplqiR''). When AHplqi 



stood tacitly that q G (l,oo). It was proved in [30, Proposition 5.1] and [31, Section 6] 
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that the space AHp^' 
r = 0, then BHp'^ ' 



M") is independent of the choices of ip. We also remark that when 
) = -B^,g(M") and FH^'^q{W) = Fp%(M"); when a G (0, 1), s = -a, 

p = q = 2 and T = 1/2- a/n, then AH~2'^^'^~°' (W) = HH^^{W), which is the predual 

space of 

We now recall the notions of Besov-type spaces -Bp|^(M") and Triebel-Lizor kin- type 
spaces Fp;q{W) in [31, Definition 1.1] and [30, Definition 3.2]. 

Definition 1.2. Let s G R, r G [0, oo), q G (0, oo] and (p be as in Definition 1.1. 

(i) If p G (0, oo], the Besov-type space 5p;^(M") is defined to be the set of all / G S'^{W) 



such that 



< oo, where 



B„ 



in) = sup 

Per'(]R") 



1 



oo p „ 

^ J {2^^\^j*f{x)\rdx 

j=jp ^ 



q/p 



with suitable modifications made when p = oo or q 

(ii) If p G (0, oo), the Triebel-Lizorkin-type space Fp^q{W^) is defined to be the set of all 



oo. 



such that 



sup 



< oo, where 



3=3 P 



with suitable modifications made when q = oo. 



Similarly, we use Apjq ( 



to denote BpJ^{ 



or F, 



). If A 



means Fp;g(M'*) 



then the case p = oo is excluded. It was proved in [31, Corollary 3.1] that the space 

y4p'q(M") is independent of the choices of (p. Also, [30, Theorem 5.1] and [31, Theorem 
6.1] show that {AHplq{W'))* = A^;';j^{R'') for all s G M, p G (l,oo), q G [l,oo) and 
r G [0, (pyqy ]- This result partially extends the well-known dual results on Besov spaces, 
Triebel-Lizorkin spaces and the recent result that {HHh^{R"-))* = Qq,(M'*) obtained in [6, 
Theoren 7.1]. 

We remark that when r 



0, then Bp^{ 



and K 



s,0/ 



= F' 



when 



p,q V^^ / — ^ p,q\ 

a e (0,1), s = a, p = q = 2 and r = 1/2 - a/n, then A'^'^^^^'" (W) = Q„(M"); sec [30, 
Corollary 3.1]. It was proved in [22] that Besov- Morrey spaces in [21] are proper subspaccs 
of BplKM."-) and that Triebel-Lizorkin-Morrey spaces in [21] are special cases of Fp^g{R"-). 
It was also proved in [21] that Morrey spaces arc special cases of Triebel-Lizorkin-Morrey 
spaces. The (/7-transform characterizations, embedding properties, smooth atomic and 
molecular decomposition characterizations of ApJj(W^) were obtained in [31], which were 
further applied in [22] to establish their trace properties and the boundedness of pseudo- 
differential operators with homogeneous symbols in Ap'^(R'^). 

In Section 2 of this paper, we establish the (/^-transform characterizations (sec Theorem 
2.1 below) and embedding properties (Proposition 2.2 below) of AHplq(W^). In particular, 
we show, in Proposition 2.3 below, that the embedding property of BHp^(W^) is sharp. 
Using these (/^-transform characterizations, in Section 3 below, we obtain the boundedness 
of almost diagonal operators and the smooth atomic and molecular decomposition char- 



acterizations of AH' 



p,q^ 



As applications of these decomposition characterizations, in 
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Section 4 of this paper, we investigate the trace properties (see Theorem 4.2 below) and 

the boundedness of pseudo-differential operators with homogeneous symbols in AHplq(W^) 
(see Theorem 4.1 below). We pointed out that the method used in the proof of Theorem 
4.1 comes from [14, 9, 23, 24, 16]. 

Notice that the spaces AHplq{W^) are only known to be quasi-normed spaces so far 
due to the infimum on cu appearing in their definitions, which satisfies the condition (1.1). 
This brings us some essential difficulties, comparing with the methods used in [31, 22] for 
the spaces Bplq(W^) and Fp^q{W^). To overcome these new difficulties, we use the Aoki 
theorem (see [2] and the proof of Theorem 3.1 below) and establish some subtly equivalent 
characterizations on the Hausdorff capacity (see Lemmas 2.4, 3.1 and 4.1 below). These 
characterizations on the Hausdorff capacity are geometrical, whose proofs are constructive 
and invoke some covering lemmas. Propositions 2.2 and 2.3 and Theorem 3.1 below reflect 
the differences between the spaces BHplq{R"') and FHp]g{W^) and the spaces BpJjiR"') and 
Fp'q{M.'^); see also Remarks 2.3 and 3.1 below. 

Finally, we make some conventions on notation. Throughout the whole paper, we 
denote by C a positive constant which is independent of the main parameters, but it 
may vary from line to line. The symbol A < B means that A < CB. li A < B and 
B < A^ then we write A ^ B. If ii^ is a subset of M", we denote by xe the characteristic 
function of E. For all Q G V{W') and ip G 5(M"), set ipqix) = \Q\-'^/'^'p{2i<^ {x - xq)) and 
Xq{x) = \Q\~^/'^Xq{x) for all x G M". We also set N = {1, 2, • • • } and Z+ = (N U {0}). 



2 The (^-transform characterizations 



In this section, we establish the 99-transform characterizations of the spaces AHpJ^{W^) 
in the sense of Frazier and Jawerth; see, for example, [10, 11, 12, 13]. We begin with the 
definition of the corresponding sequence space of AHp^^W^). 

Definition 2.1. Let p G (1, 00) and s G R. 

(i) If g G [1,00) and r G [0, ^^J^y ] , the sequence space hHp^(W^) is then defined to be 
the set of all t = {iQ}Qexi(]R") C C such that 



I") 



inf^2- 



^ \tQ\xQH;2-^r' 



LP( 



> < 00, 



where the infimum is taken over all nonnegative Borel measurable functions oj on R""^^ 
such that u satisfies (1.1) and with the restriction that for any j G Z, uj{-, 2~^) is allowed 
to vanish only where J2QeVj{R") I^qIxq vanishes. 

(ii) If g G (1,00) and r G [0, ^^J^y ], the sequence space fHplq{W^) is then defined to be 
the set of all t = {i(5}QeD(K") C C such that 




< 00, 



LJ'(M") 



where the infimum is taken over all nonnegative Borel measurable functions oj on M.^^ 
with the same restrictions as in (i). 
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Similarly, in what follows, we use aHp'^{W) to denote either bHp'^{W) or fHp'^{W). 
When aHplliW^) denotes fHp'^{W), then it will be understood tacitly that q G (l,oo). 
We remark that || • ||Q/i-«.^(iRn-) is a quasi-norm, namely, there exists a nonnegative constant 
p e [0, 1] such that for ah h, t2 e aijp;^ (M"), 

11*1 +i2||„ij^;J(Kn) < 2''(||il||„H|;J(IR„) + 1 1 ^2 1 1 J (Rn) ) ■ (2.1) 

Remark 2.1. On (1.1), we observe that ifO<a<6< 1, then for all nonnegative measur- 
able functions uo on M!^+\ Wojix)f dil"'^"(a;) < oo induces [Nlo{x)]'' dH''^\x) < 
oo. In fact, without loss of generality, we may assume that J^^W^ix)]"' dH"''^^{x) < 1. 
For all I e Z, set Ei = {xeW : Nuj{x) > 2'}. Then 

1> / [iVu;(x)]" d//"™(x) ~ V2'"//"™(£;i). 

For each / G Z, we choose a ball covering {B{xji,rji)}j of Ei that almost attains iJ"™(£';) : 
i?"^"(EO ~ EjV^r- Thus, E/6z2'"Ej^J" ^ 1, and hence, for ah j and Z, 2Vj < 1. 
Then 2^^^^ < 2'"rJJ^" since a < 6 and 

which yields the above claim. 

Let Lp be as in Definition 1.1. For all x G M", set ^(x) = v'(^)- Then by [13, Lemma 
(6.9)], there exists a function V G 5(M'') such that suppJ'V' C G M'' : 1/2 < 
1^1 < 2}, never vanishes on G M"" : 3/5 < \i\ < 5/3} and that for all ^ G M'*, 
Ej6Z-^^(2~''0-^V'(2~-'0 = XR"\{0}(0- Furthermore, we have the following Calderdn 
reproducing formula which asserts that for all / G S'^{M."'), 

/ = ^V, E if''PQ)^Q (2-2) 

jeZ Q6X>(M") 

in 5;o(M"); sec [31, Lemma 2.1]. 

Now we recall the notion of the (^-transform; see, for example, [10, 11, 12, 13]. 

Definition 2.2. Let if, ip e 5(M") such that supp J'c/?, supp J"V C G M"" : 1/2 < |^| < 

2}, J='(p, Fi: never vanish on G M" : 3/5 < |^| < 5/3} and Ejez -^(^i)-^(V'i) = XiR"\{o}- 

(i) The (p-transform Sip is defined to be the map taking each / G S'^ (R") to the sequence 
S^f = {{S^f)Q}QeV(R-), where (5^/)q = {f,^Q) for all Q G P(M"). 

(ii) The inverse ip-transform is defined to be the map taking a sequence t = 
{*Q}Qex>(R") C C to T^t = EQex>(iR") ^Q'^Q- 

To show that is well defined for all t G aHplq{W^), we need the following conclusion. 

Lemma 2.1. Let p G (l,oo), q G [l,oo), s G M and r G [0, (pj^)/ ]- T/ien for all t G 
ai7p;g(M"), T^t = ^Q^T>(j^n)tQtpQ converges in 5^(1^"-); moreover, : aHplq{W^) 
5^(M") is continuous. 
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) G bHplq{W^). We need to show that there exists an M G Z+ such 



Proof. By similarity, we only consider the space 6i7pJ(M"). 

Let t = {tQlgei 

that for ah G 5oo(M"'), J2QeV(R") I^qIKV'Q, 0)1 ^ II'/'IIsmi where and in what follows, for 
all M G Z+ and (/? G S{W), we set = sup|^|<M sup^gK" \d^v{x)\{l + 

Choose a Borel function w that almost attains the infimum in Definition 2.1 (i). That 
is, is a function on R""^"^ satisfying (1.1) as well as 



\tQ\xQU,2-^)]-' 

Qei5j(R") 



(2.3) 



A simple consequence obtained from (1.1) is that for all (x, s) G M![;"'"^, w(x, s) < s see 
[30, Remark 4.1]. Then for all Q G VjiW), by Holder's inequality and (2.3), we have 

\tQ\ < \Qr-htQ\ (^J^Hx,2-^)]-^dx^ " < (2.4) 

Recall that as a special case of [4, Lemma 2.11], there exists a positive constant Lq such 
that for all j G Z, 



E (1 + 



max{l, \Q\} 



(2.5) 



Furthermore, it was proved in [31, p. 10] that if L > max{l/p+ 1/2 — s/n — r, 1/p + 3/2 + 
s/u + TjLq}, then there exists an M G Z+ such that for all Q G Pj(M"), 



5m 1 + 



fqI 



~ ""^""^ » ^ ' max{l,|Q|} 



(min{2-J",2^"}) ; 



(2.6) 



see also [4, (3.18)]. Using (2.4), (2.6) and (2.5), we conclude that 



QeV(R") 
~ PI|6H^;J(R")II<?'II5m> 

which completes the proof of Lemma 2.1. 



.^»,J^' V +max{l,|Q|}; 



□ 



Now we are ready to present our main result of this section. 

Theorem 2.1. Let p G (l,oo), q G [l,C!o), s e M., t e [0, (pv^y ]; a^^c^ V' as in 

Definition 2.2. Then : ^ijp:J(M") ^ ai?p;g(M") and : aHpll{W) AHpll{W) are 
bounded; moreover, o S^p is the identity on AHplq{U."'). 
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To prove Theorem 2.1, we need some technical lemmas. For a sequence t = {i(3}Qei'(K")j 
Q G V{W), r G (0, oo] and A G (0, oo), define 




\tpr 



I ^ ^(1 + [^(P)]-i|xp-xq|)A 

^'^d t*x = {{tr,x)Q}QeV(R")- For any p,q e (0,oo], let p A q = mm{p,q}. The following 
estimate is crucial in that this corresponds to the maximal operator estimate. 

Lemma 2.2. Let s, p, q, r be as in Theorem 2.1 and A G (n, oo) he sufficiently large. 
Then there exists a positive constant C such that for all t G aHp^{W^), \\t\\aH''''^{R") — 

ll*pAq,Allai?p;J(M") — ^ll*llaij|;J(]R") " 

Proof. The inequality ||'^|la£fS>T(]jn') < ll^pAg Allai/''^(R") being trivial, we only need to con- 
centrate on ;^||a^s.-r(]Kn) ^ ll*llaii"''''^(iR")- -^l^o, by similarity, we only consider the 

spaces bHplq{W^). 

Let t = {tQ}Q(=v{K") £ bHplq{W^''). We choose a Borel function oj as in the proof of 
Lemma 2.1. For all cubes Q G Pj(M") and m G N, we set Ao{Q) = {P e Pj(M") : 
2^xp - xq\ < 1} and Am{Q) = {P G Vj{W) : 2"*-^ < 2^xp - xq\ < 2™}. The triangle 
inequality that \x — y\ < \x — xq\ + \xq — xp\ + \xp — y| gives us that |a; — y| < 3-\/n2"*~-' 
provided x £ Q, y € P and P G Am{Q). 

For aU m G Z+ and (x, s) G M"+\ we set 

ojm{x, s) = 2-'""(L(pVg)'J+2) sup{a;(y, s) : y G M", |y - x| < V^2"*+2s}, 

where and in what follows, [sj denotes the maximal integer no more than s. By the 
argument in [30, Lemma 5.2], we know that Um still satisfies (1.1) modulo multiplicative 
constants independent of m. Also it follows from the definition of Um that for all x G Q, 
y e P with P G A^(Q), uj{y,2-^) < 2"^"(L(pvg)'J+2)^^(-^^ 2"^). p^j. ^ ^ (^g^^^ 
a G (0,r), using this estimate and the monotonicity of Z"/^, we obtain that for all x E Q, 



< < 



r/a 

tp\ 



{X r/a 
/ E |iprXp(y)[^m(x,2-^)]-«dyi 

<2-mA+nrOya+m(L(pv.)'J+2)} J /" lip^xply) 2-^)]-« 

< 2-mA+mnr(l/a+L(pV9)'J+2) J jjl [ ^ |tp|"xpN(-, S"^')]-'' j (a 
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where HL denotes the Hardy-Littlewood maximal operator on 
For all m G Z+, set t*;^ = {(t*'r)Q}Q6C(ffi") with 



\tp\' 



{i + [i{p)]-^\xp-xQ\y 



In what follows, choose a G {0,p Aq) and A > (p A q)[n{l/a + [{p V q)'] + 2) + p], where 
/9 is a nonnegative constant as in (2.1). By (2.1), the previous pointwise estimate and the 

P 

La(]R")-boundedness of HL, we obtain 



oo 

~ IIV 



m=0 



< 



m=0 



|ip| 



pAq 



p 

p/\q 



{i + [i{p)]-i\xp-XQ\y 



dx 



< 



oo 



m= 


=0 














X 




1 


HL 1 






< 





iP6Xij(M") 



(I^pIxp)" 
[a;(-,2-^)]« 









i 


1 (^) 


dx 


1 





which completes the proof of Lemma 2.2. 



□ 



For any / G 5^(M"), 7 e Z+ and Q G Pj(M^), set supq(/) = |Q|V2 supj^^g * f{y)\ 
and 

infQ,^(/) = |g|i/2maxi inf |^,- * /(y)| : i{Q) = 2-U{Q) , Q d q\ . 

[2/6Q J 

Let sup(/) = {supQ(/)}Qgi,(Kn) and inf^(/) = {infQ,^(/)}Qei5(]Rn). We have the following 
conclusion, whose proof is similar to [12, Lemma 2.5] and we omit the details. 

Lemma 2.3. Let s, p, q, r be as in Theorem 2.1 and 7 G Z+ he sufficiently large. Then 
there exists a constant C G [1, 00) such that for all f G AHp'^(W^), 



C iinf7(/)IL^^.-mn^ < \\f\\Am-UR-) ^ \\^Mf)\\am':»-) ^ <^\\''^^M)\\aH. 



With the Calderon reproducing formula (2.2), Lemmas 2.2 and 2.3, the proof of The- 
orem 2.1 follows the method pioneered by Frazier and Jawerth (see [12, pp. 50-51]); see 
also the proof of [5, Theorem 3.5]. We omit the details. 

Recall that the corresponding sequence spaces dp^{W^) of Ap^{M."') in [31, Definition 
3.1] were defined as follows. 
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Definition 2.3. Let s e M., q e (0, oo] and r G (0, oo). The sequence space dp,g(M") is 
defined to be the set of all t = {iQ}Qgxi(]R") C C such that ||i||ttj>^(Kn) < oo, where if 



= bp'^qiW) for p e (0,oo], then 



P6Xi(]R") 



oo 








j=jp 





(,Z(Q)=2-J 




and if Up'^qiM.'') 



f^lgiR"") forpG (0,oo), then 



1 



sup 



E (iQr'^"i*QixQ(^))' 



We now establish the duality between aijp,'g(M") and dp/^r(R"), which is used in Sec- 
tions 3 and 4 below. In what follows, for any quasi-Banach spaces B\ and Bi^ the symbol 
B\ ^ B\ means that there exists a positive constant C such that for all f e Bi, then 
feB2 and 11/11^5, <C||/||b,. 

Proposition 2.1. Let s, p, q, r be as in Theorem 2.1. Then {aHp%{W))* = a~'^q,{^'') 
in the following sense. 

Ift = {*Q}QeX'(R") e d~/^r(M"), then the map 

^ = {^Q}QeV{M.n) 1-^ {X,t) = E ^Q^Q 

defines a continuous linear functional on aHplq(W^) with operator norm no more than a 
constant multiple of \\t\\.^-s.T ,^^y 

Conversely, every L G {aHplq {U."'))* is of this form for a certain t G d~,*^r(M'^) and 
WAl--"'^ mn\ 'is no more than a constant multiple of the operator norm of L. 

Proof. We only consider the spaces bHplq{W^) because the assertion for fHplq(W^) can be 
proved similarly. Below we write MJ^^ = {{x,a) G M"^^ : log2 a G Z}. 



For t = {iQ}QeD(Rr.) G b/^;^:{W) and A = {XqjQeViRn) G bH;fq{W'), let F and 



G be functions on M^"^ defined by setting, for aU a; G and j G Z, F{x,2^^) = 
EQ60,(ffi") I^qIxq and G{x,2-^) = EpeD,(R") \tp\XP- Since 

ll^lli3Tp%'-(M2+i) ll^ll6ij|;J(M") 

and ~ \\t\\i^-s,r.^„., where Bfp;q(Rl+^) and SWT'/CMz^^) are tent 

spaces introduced in [31, Definition 5.2], by the duality of tent spaces obtained in [31, 
Theorem 5.1] that {Bfp'^{^l+^))* = BW~,'^J (^1+^) , we have 



Qei5(M") 



^E/ E E \^Q\XQ{^)\tp\Xp{x)dx 

JR" r^^^ ,„„x 



Qei5j(K") Pei'j(R'') 
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IIA 



which implies that (6ifp;J(M"))*. 

Conversely, since sequences with finite non- vanishing elements are dense in hHpJ^iW^)^ 
we know that every L G {hHp^{W^))* is of the form A i— )■ X^Qgx'(]Ki) Aq^q for a certain 
* = {^qIqsI'CM") C C. It remains to show that ^ PII(6ij^'J(R"))* • 

Fix P G P(M") and a G R. For j > jp, let Xj be the set of all Q G Pj(M") satisfying 
Q C P and let /x be a measure on Xj such that the /x-measure of the "point" Q is IQI/I-PT"- 
Also, let Ip denote the set of all {aj}j>jp C C with ||{aj}j>jp = (Z^jljp I'^jl^)^^^ 
lj,{lP{Xj,dii)) denote the set of all {aQ,j}Qex>,(M"),QcP,j>jp C C with 



ll{aQ,i}Qe©,-(R"),QcP,j>iplb|,(«p(x,-,dM)) = XI 



• IP. 



IQI 



QeX>j(M"),QcP 



a\ 1/9 

p 



It is easy to see that the dual space of lp{lP{Xj,dfi)) is lp{lP' {Xj,dfi)); see [25, p. 177]. 
Via this observation and the already proved conclusion of this proposition, we see that 



1 



E 



3=3 P 

\\{\Q\ 



|Q|-t-i 



\Q\ 



n 2 



I }geD^ (R"), qcp, i>ip 1 1 i<i^ . ,<i^)) 

oo 




= sup 

ll{-^Q}QeDj(ll"), QCP,j>jp 11(9,1 

< sup 

ll{^Q}QeD,(R"),QCP,j>jplli« ( 



N<1 



^<l 



E E 

j=jp Qex>j(]R"),QcP 
l*ll(6ij^;J(R"))* 



AQ|Q|-^-^|iQ||g|/|p| 



{AQ|Qr^-5|Q|/|Pr^'}Qe^,(Rn),QCP,,->,P 

To finish the proof of this proposition, it suffices to show that 

{\Q\Q\-"-^Q\/\Pr'}Q^V,iRr.),Q^P,J>J 



< 1 



6i?^;J(R") 

for all sequences A satisfying \\{XQ}Q^Vj{mr,),QcP,j>jp\\i''p{ip{Xj,du.)) < 1- In fact, let B = 
B{cp, ^/ni{P)) and uj be as in the proof of [30, Lemma 4.1] associated with B, then oj 
satisfies (1.1) and for all x G P and j > jp, [lo{x,2-^)]-^ [^(P)]"^. We then obtain that 



{AQ|g|-^-5|Q|/|P|V}^^^^^^^„^_^^^_^.^^.^ 



6ij|;J(]R") 
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< I 



j=jp 



E 



E i<3r 

QeX>j(]R"),QcP 



AqIIQI- 



s__l 
' n 2 



\Q\ 

\P\Tp' 



3=3 P 



J2 \XQW\/\pr' 

_QeX>j(]R"),QcP 

~ \\{XQ}QeVj{Rr,^,QcP,j>jp\\l''p{lp{Xj,d^l)) ^ 1> 
which completes the proof of Proposition 2.1. 



□ 



Remark 2.2. By Proposition 2.1 and the (/^-transform characterizations of the spaces 
AHplq{R'') in Theorem 2.1 and ip;g(M") in [31, Theorem 3.1], we also obtain the duality 
that {AHplq{W^))* = A~f^J{R"-). This gives other proofs of these conclusions, which are 
different from those in [30, Section 5] and [31, Section 6]. 



Applying Theorem 2.1, we establish the following Sobolev-type embedding properties 
of AHplqiR""). For the corresponding results on ^^^^(M") and ^^^^(M'*), see [25, p. 129]. 

Proposition 2.2. Let 1 < po < pi < oo and — oo < si < sq < oo. Assume in addition 
that So — n/pQ = si — n/pi. 

(i) Ifqe [1, oo) and r G [0, min{ ^J^^y , j^^}] such that t{po V q)' = t{pi V g)', then 

(ii) Ifq,re (l,oo) and r G [0, min{ ^J^^^y , j^^}] such that r(po V r)' < r(pi V q)' , 

then fh;°:;{w) ^ fh^i:1{w). 

Proof. By Theorem 2.1 and similarity, it suffices to prove the corresponding conclusions 



on sequence spaces fHp^{W^), namely, to show that IjiHy^^"!. 
t G /ffpi'J'r (R"). When T = 0, this is a classic conclusion on Triebel-Lizorkin spaces. 



for all 



In the case when r > 0, we have {po V r)' < {pi V q)'. Let t € (M") and co satisfy 

[7Va;(ar)](P°^'')' < 1 (2.7) 



/ 



and 



E E \Q\-'^-^tQ\^XQ{x)[coix,2-^)]- 



po/r 



dx 



l/po 



~ ll*ll/ifpO;;(M")- 



For all {x, t) G R^-^, we set oj{x, s) = sup{a;(y, s) : y e M", \y - x\ < ^/ns}. Then by the 
argument in [30, Lemma 5.2], wc know that a constant multiple of 2 also satisfies (2.7). 
Since {po V r)' < {pi V q)', Remark 2.1(i) tells us that u satisfies 



/ [Nuj{x)]^P''"iy dH^'^^P^'^iy (x) < 1. 



For all Q with i{Q) = 2 ^ , set tq = \tQ\ supy^Q{[uj{y, 2 ■')] Observe that for all x £ Q 
with e{Q) = 2-^ [w(x,2-^)]-i < mfy^Q[ojiy,2-^)]-\ and hence, sup^eQ[w(a;, 2"^)]-^ < 



Decompositions of Besov-HausdorfF and Triebel-Lizorkin-HausdorfF Spaces 



13 



mty^Q[co{y,2 ■')] ^. This observation together with po < Pi, sq — n/po = si — n/pi and 
the corresponding embedding property for Triebel-Lizorkin spaces (see, for example, [25, 
Theorem 2.7.1]) yields that 



11-2. 



< < 



/ 



< < 



/ 

I 



E E \Q\- 

E E \Q\- 

E E \Q\- 

E E 1^1" 

E E 1^1" 



pi/g 



dx 



i/pi 



fl2_2 

71 2 



"19 Q 
n 2 



\tQ\ixQ{x) sup {[uiy,2-^)]-'i} 
y&Q 



i/pi 



dx 



dx 



SQr r 

'~'^\tQrXQ{x) 



Po/r 



1/po 



< lUII 



dx 



£Qr_ r 
n 2 



MxQ{x)snp{[u{y,2-^)]-^} 
y&Q 



po/r 



1/po 



''^-^|iQrXQ(^)['^(^,2-^)]- 



Po/r 



dx 

l/po 



< \\t\ 



see [12, p. 38] for the definition of the sequence spaces fp q{W^). Therefore, ||i||y^"i>'^(]Rn) ^ 
PI|^^=o.-^(j5„), which completes the proof of Proposition 2.2. □ 

When r = 0, Proposition 2.2 recovers the corresponding results on Bp^(W"') and 
FjJ y(M") in [25, p. 129], which are known to be sharp; see [26, p. 207). At the end of 
this section, we further show that the restriction that t{pqV q)' = r(pi V q)' in Proposition 
2.2(i) is also sharp. To see this, we need the following geometrical observation on the 
Hausdorff capacity. 

Lemma 2.4. Let d £ (0,n]. Suppose that {Ej}'jLi are given subsets o/ M" such that 
Ej C B{{Aj,Q, ■ ■ ■ ,0),n), where {Aj}'jLi is an increasing sequence of natural numbers 
satisfying that Ai > 10 and for all j, I G N, Aj+i - Aj > 4nl^/'^. Then H'^{Uf^^Ej) and 
J2'^i H'^{Ej) are equivalent. 

Proof The inequality H^{\Jf^^Ej) < Y.f=iH'^{Ej) is trivial. Let us prove the reverse in- 
equality. To this end, let us first notice the following geometric observation that when a ball 
B = {xb, tb) intersects Ej and Ej^i for some j, / G N, then 2B engulfs Ej, Ej^i, ■ ■ ■ , Ej^i. 
Thus, Ars is greater than Aj^i — Aj and hence, > {{Aj^i — Aj)/4)'^ > In'^. Therefore, 
instead of using B we can use B{(Aj,0, ■ ■ ■ , 0), n), • • • , B({Aj^i,Q, ■ ■ ■ , 0), n) to cover 
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Ej and -Ej+i- Notice that {B{{Aj,(}, - ■ ■ ,0),n)}°^^ are disjoint. Based on these ob- 
servations, without loss of generahty, we may assume, in estimating H'^{VJjLiEj), that 
each baU in the bah covering meets only one Ej. From this, it is easy to follow that 
H'^{^f=iEj) > J2T=i H'^iEj), which completes the proof of Lemma 2.4. □ 



and {^fclfcLi be as in 



Lemma 2.5. Let s G M, p G (l,cxo), q G [l,oo), r G (0, ^^J^^-^ 
Lemma 24 such that Qk = (Afc,0, ••• ,0) + 2-'=[0, 1)" G Pfc(M") for all k e N (The 



existence of {Ak}^^i is obvious). Definetj = {(ij)Q}QGX'(R") so that {tj)Q 



if Q = Qk (iiT'd k G {1, • • • {tj)Q = otherwise. Then for all j G M, ||ij||^^s,T^ 

j\lfH''''^{R^) equivalent to j p . 



1 I 1 

equivalent to j'' and \\t 



is 




Proof. For the Besov-Hausdorff space, let us minimize 

\k=l 

under the condition (1.1). By the definition of tj and the assumption on oj in Defi- 
nition 2.1, we may assume that u = outside U'^^^((5o,(yifc,o,--- ,o) ^ {2^^}) and for all 
Q G Vk{W), Q C <5o,(A,,o,-,o) and A; G {I,-- - sup^^Qu{x,2-'') = sup^^g^ a;(x, 2"*^), 
where Qo,{Aj,o,--- ,o) = (^j) 0) ' ' ' i 0) + [Oj 1)" £ VqCM."-). Also, by an observation similar to 
[31, Lemma 6.2], we can replace lj with the maximal function uj given by 2(x,2~'^) = 
supygQ^ ^ a;(y, 2~^), where k G {!,••• ,j} and Qk,x £ is a unique cube con- 

taining X. This construction implies that ui equals a constant on 



k G {I,--- J}, namely, w(-,2 ^) = a^XQa, 



0,(Afc,0,-,0) 



for each 



X G 0, ■ ■ ■ ,0), n) for some A; G {1, 

that 



(Afe,0,--,0)- 



Notice that if Nuj{x) / 0, then 



dX 



This combined with Lemma 2.4 yields 

^ Huripv.y l^l^g |^Ui?((^,,0,... ,0),n)j : [iVC;(a;)](P^'^)' > 
^YlJ^ H""^^""^^' {{x G 0, • • • , 0), n) : [A^w(x)](^''''')' > a}) dX 



fc=l^B((Afc,0,-,0),n) 

On the other hand, 



fc=i 



\k=\ 




,fc=l 



9U 



In summary (modulo a multiplicative constant), we need to minimize (X^fc=i(afc 
under the condition Y^l.=\{'^k)^^'^'^^' ^ 1- This can be achieved as follows: By using the 
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geometric mean, we have 



\k=l 



-1 > 



EC 




\ k=l 



1 1^ i_ 




(pVqy 



JpVqV 



k=l 



In particular, [Y2k=i((^k) ~ j9^(pv<?)' when ^{=i(ctfc)^^^*^' ~ 1 and the a^'s are 



identical. Thus, for aU j G N, ||%||ft//^.^(Kn) ~ j'' ^p^. 

For Triebel-Lizorkin-Hausdorff space, similarly to the above arguments, we see that 



-{s/n+l/2)q 



k\]-q 



.k=l 



dx 



k=l 



-(s/n+l/2)p 



\{ii)Qk\^XQk{x){'^k) ^dx 



Applying the geometric mean again, we have 



.fe=i 



ak) 



i/p 



V 3 



ek)"" ^ ek)'" ek; 



(pVg)' 




P 



k=l 



n(a,)(fv.)' 
\ it=l 



1 

(pVq)' 



1 I 1 



In particular, [J2k=ii^k)~^]^ ~ i'' (^^^ when ^l.^i{cek) ' ~ 1 and the a^'s are 
identical, which implies that for all j G N, ||ij||j^'>,T^jj„^ ^ j'' (p^. This finishes the 
proof of Lemma 2.5. □ 



Proposition 2.3. Let s, r, Pi, f be as in Proposition 2.2. 

(i) If bH^l^'^g ^ bH^lll then r(po V q)' = t{pi V q)' . 

(ii) If fH;°'; fH;i:l then ripo V r)' < t{p, V q)' + - ^)(po V r)'(pi V q)' . 



Proof. By similarity, we only consider the Besov-Hausdorff space. Let tj be as in Lemma 
2.5 with s, p replaced, respectively, by sq and pQ. Since sq — n/po = si — n/pi, by 

Lemma 2.5, we have HijUj^'-o.-r ~ j'' (pqv^ and ~ j'' (pi^ for aU j G N, 



■"PI ,9 

1_L 1 



which together with bHp°lq ^ bHplll implies that ji^T^V^ < ji^ipo^iY for all j G N. 
Therefore, (po V q)' < (pi V q)' . Meanwhile it is trivial that {po V q)' > {pi V q)' since 
Pi > Po- We then have {po V q)' = {pi V q)' . This finishes the proof of Proposition 2.3. □ 
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Remark 2.3. Comparing Proposition 2.2 herein with [31, Proposition 3.3] on the space 
Bplq{W^), we see that the restriction T{po\'qy = T{pi\'qy in Proposition 2.2(i) is additional. 
To be surprising, Proposition 2.3(i) implies that this restriction is also necessary, and 
sharp in this sense. However, it is still unclear if the restriction r(po V r)' < r(pi V q)' 
in Proposition 2.2(ii) can be replaced by the restriction r(po V r)' < t{pi V q)' + — 

^)(poVry(piVgy. 



3 Smooth atomic and molecular decompositions 



rS.T I 



We begin with considering the boundedness of almost diagonal operators on aHp^q 
which is applied to establish the smooth atomic and molecular decomposition characteri- 
zations of A}ipJq{W^). We remark that the corresponding results in dp^^(M"') and 
were already obtained in [31, Section 4]. 

Definition 3.1. Let p G (l,oo), q G [l,oo), s G M, r € [0, and z e {0,oo). For all 

Q, Pe P(M"), define 



2 



= (i(p) j (1 + ^^mm)i [Km I \W)i }■ 

An operator A associated with a matrix {ciQp}Q,pgx)(Kn), namely, for all sequences t = 
{*Q}Qex>(M") cC,At = {(^t)Q}Qgx>(M") = {I]pex>(M") aQP*p}Qex>(M"), is called e-almost 
diagonal on aHp^iM."'), if the matrix {aQpjg p£xi(M") satisfies 

sup \aQp\/LOQp{e) < oo. 
Q,Pei5(R") 

We remark that any e-almost diagonal operator on af/p'g (M") is also an almost diagonal 
operator introduced by Frazier and Jawerth in [12] with J = n. Moreover, Frazier and 
Jawerth proved that all almost diagonal operators arc bounded on 6pg(IR"') and /p,j(IR"'), 
which are the corresponding sequence spaces of ^^^^(IR") and ^^^(M"'); see [11, 12, 13]. 
These results whenp G (1, oo) and q G [1, oo) are generalized into the following conclusions. 

Theorem 3.1. Let p G (1, oo), q G [1, oo), s G M, £ G (0, oo) and r G [0, jp^qy]- Then all 
the e-almost diagonal operators on aHp^{W") are bounded if £ > 2nr. 

To prove this theorem, we need some technical lemmas. 

Lemma 3.1. Let d G (0, n] and be an open set in such that Q, = U^^Bj, where 
{-^ilj^i = {B{Xj, Rj)}'j^i is a countable collection of balls. Define 



{oo oo > 

^rf : C IJ B{xk,rk), B{xk,rk) D Bj if Bj n B{xk,rk) 7^ L 
k=l k=l } 

Then there exists a positive constant C, independent ofil, {Bj}'jLi and d, such that 

H'^in) < H'^{n,{Bj}f^^) < C(46)'^i7'^(J7). 
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Proof. The first inequality is trivial. We only need to prove the second one. Without 
loss of generality, we may assume sup^gp^i?, < oo. By the well-known (5r)-covering 
lemma (see, for example, [7, Theorem 2.19]), there exists a subset J* of N such that 
Uj^i(3-Bj) C UjQj*{15Bj) and XjeJ*X(3Sj) ^ 1- Furthermore, by its construction, if Bj/, 
f G N, intersects Bj for some j G J*, we have that {SBj') C {15Bj). 

Let {B{xk, rk)}keN be a collection of balls such that Q, C U'^-^B{xk, Vk) and J2T=i ^fe — 
2H'^{n). Set 

Ki = {keN : When B{xkA^rk) n Bj ^ H) for any j G N, then > 135Rj} 

and Ji = {j G N : Bj n 5(.Tfc,45rfc) / for some k G Ki}. Also define J2 = (N \ Ji) 
and = (N \ i^i). We remark that if A; G K2, then there exists j G J2 such that 
5j n B(xfc,45rfc) 7^ and 135/?../ > rfc. Notice that Bj cVLC (U^^5(xfc, r^)). Hence, for 
each j G J2, we have 5, C {\Jk^K2,B{xk,rk)r\Bj^9B{xk,rk)), and then, by d < n and the 

monotonility of Z", we see that 

Y^rir^Y, \B{xk.rk)\i > Y E mxk,rk)\'^ 

keK2 keK2 jeJ*nJ2keK2,BjnB(xkA5rk)¥'1i 

^ E ( E > E 

jeJ*nJ2 \keK2, BjnB{xk,4:5rk)¥=9 j jeJ*nJ2 



^k- 



which further yields that 

Y^t+ E ^.'^E 

k&Ki j&J*nJ2 k&K 

On the other hand, we have 



nc(jBjC (j{15Bj) = l [j il5Bj)\\jl (j (155,) 
j=i jeJ* I jeJ*nJi ) I jeJ*nJ2 



C 



U 5(xfc,46rfe)lu| U (155,) I. 



Notice that for k G i^i, 5(.Xfc,45rfe) meets 5j for some j G N gives us > 135/?,, which 
further implies that B{xkA^rk) D 5,-. Also, for j G J* and j' G N, if Bj n Bji / 0, then 
(155,) D 5,v. As a result, we conclude that {B{xk,^Qrk)}k&K-^ U {155,},gj*nj2 is the 
desired covering of J7 and hence, 

5'^(J1, {5,},- < E (46r,)<^ + < (46)'^5'^(Q), 

feeJsTi jeJ*r\J2 

which completes the proof of Lemma 3.1. □ 
Applying Lemma 3.1, we have the following conclusion. 

Lemma 3.2. Let (5 G [1, 00), A G (0, 00) and oj he a nonnegative Borel measurable Junction 
on ■ Then there exists a positive constant C, independent of P, u and X, such that 

H'^ {{x G M" : N,3Lo{x) > A}) < CP'^H'^ {{x G : Nuj{x) > A}) , 

where Npu{x) = sup|j^_^|<^ta;(y,t). 
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Proof. Observe that 



{xeW : Nuj{x)> X}= J J B{y,t) 



te(0,oo) aSK" 



and that 



{x e : 7V^a;(x) > A} = |J (J B{y,l3t). 



By the Lindcrof covering lemma, there exists a countable subset {-B;}^q of {B{y,t) : t G 
(0,oo), y e M" satisfying uj{y,t) > A} such that {x G M" : N,3Uj{x) > A} = {U;^o(/3-Bi)} 
and {x G M" : Nu!{x) > A} D (U^qS;). By Lemma 3.1, it suffices to prove that 

H\{x G : N^u{x) > A}, {/3i?J^o) < Z^'^' (^Qbi, {Bij^o^j . 

Let {5^}^=o be a ball covering of Ui^nBi such that -£^=0 ^b* < '^H'^i^Zo^i, {^«}£o) ^nd 
that B^ engulfs Bi whenever they intersect, where vb* denotes the radius of B^. Therefore, 
PB^ engulfs whenever they intersect and {x G M" : Npuj{x) > A} C {U^o(/3B^)}. 
We then have 

(oo \ oo 

U Bu {5,}^o > Y.^PrBif > {{x G M" : iV^a;(x) > A}, {^^0) , 
1=0 / 1=0 

which completes the proof of Lemma 3.2. □ 
As an immediate consequence of Lemma 3.2, we have the following result. 

Corollary 3.1. Let d G (0, n], /5 G [l,oo) and u he a nonnegative measurable Junction on 
M""^^. Define ujfj{x,t) = s,u\)y^B{x,pt) ^{v^'t)- Then there exists a positive constant C such 
that 

[ Nujp{x)dH'^{x)<CP'^ ! Nuj{x)dH'^{x). 

Now we turn to the proof of Theorem 3.1. 

Proof of Theorem 3.1. By similarity, we only consider /ijp^J (R"). Similarly to the proof 
of [31, Theorem 4.1], without loss of generality, we may assume s = 0, since this case 
implies the general case. 

By the Aoki theorem (sec [2]), there exists a k G (0, 1] such that || • \\'1,^o,t becomes 

a norm in /ifp.q (M"). Let t G fHplqiW). For Q G P(M"), we write A = Aq + Ai with 

{Aot)Q = Y,{Pev{K."y. t{Q)<t{P)} O'Qptp a^^d {Ait)Q = £{p^v{w^): e(P)<£{Q)} <^Qptp- By 
Definition 3.1, we see that for Q G 



\iAot)Q\ 

{Pev{R»y.i{Q)<£{p)} 



V{P)J {l + [i{P)]-^\xQ-xp\ 



\n+e ' 
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Thus, we have 



{l + 2i\xQ-xp\) 



n+e 



E E 2" 

i=-oo PeXii(M") 



LP(R") 



Let a; be a nonnegative Borel measurable function satisfying (1.1) and 



~ PII/ij°;J(lR")- 



LJ'(M") 



Let ^o,i((3) = {P e : 2^|xp - xq\ < and Arn,i{Q) = {P e I»i(R") : 

2m-i^/2 < 2*|xp - xqI < 2™V^/2} for all i G Z and m G Z+. Define eee 
2-'"'^^supj^gB(^_^2-+it)^(y,*) for all (a;,t) G W'+'K Then iVw„ < 2-'""^iV^2"+2^ and 
[LOm{x,2-^)]~^uj{y,2-^) < 2"™^ for m G Z+, x G Q with Q G Pj(M"), y £ P with 
P G ^m,i(Q) and i < j. Moreover, using Corollary 3.1, we see that a constant multiple of 
cjrn also satisfies (1.1). Similarly to the proof of Lemma 2.2, we have that for all a; G Q, 

E i^^i[;;-("'^"^)]";^^ <2--+— hl( y: \tp\xpH-,2-^)]A{x). 

Hence, choosing e > nr, by Fefferman-Stein's vector valued inequality, we obtain 



I, 



m=0 



E E iQi-^xQ 



E E ^"-""^ 

i=-oo PGAmAQ) 



\tpM;2-^)]-' 
{1 + 2^\XQ-Xp\r+' 













1 






LP(R") J 



oo 

sE 

m=0 



E E iQi-xg 

|tp|[a;^(-,2-^)] -i 
(l + 2^|a:Q-xp| 



E E 2" 

i=-0oPe^m,i(<9) 



\n+£ 



LP{R") 



oo 

^E2 

m=0 



m{nT—£)K 






E 2^^- 



)e/2 



hl| |ip|xpK,2-)]-i 



< WfW^ 

~ ll''ll/i/°;J(M")- 



LJ'(M") 
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The proof for Ait is similar. Indeed, we have 



Ult)Q\ 



< 



E 



n+e 

\tp\ 



{Pev{R"):e(p)<e{Q)} 



\n+e ' 



Thus, 



E E 

z=o Pexij_,.;(]R") 



Let Aoj^iiQ) = {Pe Vj+i{R^) : 2^xp - xq\ < and A^j^i{Q) = {P e P.+^K") : 

2"^-iV^/2 < 2^xp - xq\ < 2"^V^/2} for all j eZ and m, / G Z+. Set 

2„(a;, s) = 2-(™+0"- sup{w(y, s) : y G M", |y - a;| < ^/^2'^+'+ls} 

for all m G Z+ and (x, s) G M^j;.'''^. Similarly, we have that a constant multiple of Cm satisfies 
(1.1) and p„(a;,2-^')]-iw(y,2--'-0 < 2(™+')"^ for m, / G Z+, x G Q with Q G Pj(M"), 
y E P with P G ^TOjy((5). Similarly to the proof of Lemma 2.2 again, we see that for all 
x eQ, 



fi 



\tp\[Um{x,2-j)]-^ I*P|XP 
(l + 2J|xQ-xp|)"+^ ~ a;(-,2-^) 



Hence, choosing e > 2nr, similarly to the estimate of ||^oi||^^o,T^]g„^, we also have 



E E \Qr''xQ 

m=0 I jeZQeX'3(R") 



S 



n+e 
2 



|tp|[c^^(-,2-J)] -i 
(l + 2i|xQ -xp| 



LJ'(M") 



m=0 



E E 



hl| j2 \tp\xpU,2-'r' 

\P&Am,j,i{Q) 



LP(M") 



which completes the proof of Theorem 3.1. 



□ 
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Remark 3.1. We point out that Theorem 3.1 generalizes the corresponding results of 
Besov Spaces and Triebel-Lizorkin spaces in [11, 12, 13] when p G (l,oo) and q G [l,oo) 
by taking r = 0. Moreover, the restriction that e > 2nr in Theorem 3.1 is different from 
the restriction that e > 2n(T — 1/p) in [31, Theorem 4.1] on the spaces Bpq{W^) and 

As applications of Theorem 3.1, we establish the smooth atomic and molecular decom- 
position characterizations of AHplqCR^). 

Definition 3.2. Let p e (l,oo), q G [l,oo), s G M, r £ [0,jp^] and Q G P(M"). Set 
N = max([— s + 2nrJ, — 1) and s* = s — [sj. 

(i) A function tuq is called a smooth synthesis molecule for AHplq(W^) supported near Q, 
if there exist a 5 G (max{s*, (s + nr)*}, 1] and M > n + 2nT such that x'^mQ{x) dx = 

if |7| < N, \mQ{x)\ < (1 + [i{Q)]-'\x - xq\)-'^'^^^'''-'\ 



< (1 + [^(Q)]-1|x-xq|) ^ if |7| < [s + Snrl, (3.1) 



and 



Id'^mqix) - d'^mQ{y)\ 

\A<\^-y\ 



< |Q|-|-¥-^|x-j/|^ sup {l + [i{Q)]-^\x-z-XQ\)-^ (3.2) 



if I7I = [s + 3nrJ . 

A set {TnQ}Qgx)(]Rn) of functions is called a family of smooth synthesis molecules for 
AHpJ^iW^), if each mq is a smooth synthesis molecule for Ai/pJ(M") supported near Q. 

(ii) A function hq is called a smooth analysis molecule for AHpJ^{W^) supported near 
Q, if there exist a p G ((n — s)* , 1] and M > n + 2nr such that Jjg„ x'^hq{x) = if 
|7| < + 3nrJ, \hq{x)\ < \Q\-'^ (l + [^(Q)]" V - ^q|)— (M,M+.+n.) ^ 

\d''bQ{x)\ < |Q|-5-^ (1 + [^(Q)]-i|x - xqI)-^ if |7| < N, (3.3) 

and 

|a^6Q(x)-a^6Q(y)| 

<\Q\-'^-^-^\x-yf sup (l + [^(Q)]-V-^-a;Q|)"^ if |7l = iV- (3-4) 

|z|<|a;-2/| 

A set {bq}qQTi{R") of functions is called a family of smooth analysis molecules for 
AHplq{W^), if each bq is a smooth analysis molecule for AHp^{M."-) supported near Q. 

We remark that if s + 3nr < 0, then (3.1) and (3.2) are void; if AT < 0, then (3.3) and 
(3.4) are void. By a similar argument to the proof of [12, Corollary B.3] (see also [31, 
Lemma 4.1]), we have the following conclusion. 

Lemma 3.3. Let p G (l,oo), q G [l,oo), s G M and r G [0, (pjg)/ ]- Then there exist 

£1 > 2nr and a positive constant C such that for all families {mq}q^'D{«^) '^f smooth 
synthesis molecules for AH pJ^{W^) and families {hq}q^D(pn^ of smooth analysis molecules 
forAHplq{W), \{mp, bq)L2Q^n)\ < Cuqp{ei). 
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To formulate the molecular decomposition, the following lemma is indispensable. 

Lemma 3.4. Retain the same assumptions as in Lemma 3.3. Let f G AiiTp^'g (M") and 
^ be a smooth analysis molecule for AHplq{W^) supported near a dyadic cube Q. Then 
(/, $) is well defined. Indeed, let fjip E S{W^) be as in (2.2). Then the series 

= */,$)= Yl (/,¥'P)(V'P,$) (3.5) 

jez PeX)(M") 

converges absolutely and its value is independent of the choices of ip and ip. 

Proof. The same proof as that of [31, Lemma 4.2] works for the absolute convergence of 
(3.5). We only need to prove that the value of (3.5) is independent of the choices of ip and 
i/j. By similarity again, we only consider the spaces BHpll{W^). 

Let / G BHpll{W^). We claim that Ejlo^i * * f converges in 5'(M"). In fact, 
similarly to the proof of [30, Lemma 2.2], we have that for all (p € 5(M") and x € M", 

2-jM 

\<fj*(P{x)\<\Ms^ 



where M G N is determined later. Thus, 

j=o j=o -^^^ + 1^1^ 

Recall again that uj{x,t) < t"""^ for all nonnegativc Borcl measurable functions oj on 
satisfying (1.1). Letting M > max(0, nr — s), by Holder's inequality, we then obtain 



j=o j=0 

< ||</f ||5m+i II^^^I|5m+i ll/llBif|;J(M»)' 



which implies that YlJLo 'fj * i^j * f converges in S'{W^). Thus, the claim is true. 

We need to handle carefully the remaining summation: '^J=_^ ^Pj * ipj * f. In general 
it is not possible to prove that * i^j * f is convergent in S'{R"'). Therefore, we 

pass to its partial derivatives. Choose 7 G such that I7I > s — nr — n/p. Then using 
Holder's inequality, similarly to the previous estimate, we obtain that for all x G W^, 

j=-oo j=-oo --K V I yi/ 



< Ibll^M+ib lli3if^;J(R")- 



Therefore, it follows from the well-known result in [12, Remark B.4] or [5, Lemma 5.4] 
that there exist a sequence {Pn}n&, of polynomials on with degree no more than 
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max (—1, [s — nr — n/p\ ) and g G <S'(M") such that g = hmjv^oo(Z^jl_Ar 'Pj *ipj*f + Pn) 
in jS'(M") and is a representative of the equivalence class see [12, pp. 153-154]. 

Using [5, Lemma 5.4] and repeating the argument in [12, pp. 153-154], we obtain that the 
value of (3.5) is independent of the choices of ip and ip, which completes the proof of 
Lemma 3.4. □ 

With Theorem 3.1, Lemmas 3.3 and 3.4, we now have the following smooth molecu- 
lar decomposition of AHpll{W^). The proof of Theorem 3.2 parallels the proofs of [31, 
Theorem 4.2] and [12, Theorems 3.5, 3.7]. We omit the details. 

Theorem 3.2. Let s, p, q and r he as in Lemma 3.3. 

(i) if {itiq}q^x>{m:^) 'i'S a family of smooth synthesis molecules for AH pJj{W^), then there 
exists a positive constant C such that for all t = {iQ}(5gxi(R") € aHp^{W^) , 



tqmQ 



(ii) If {bQ}Q^x>(K") is a family of smooth analysis molecules for AHp^{W^), then there 
exist a positive constant C such that for all f G AHp^{EP), 



ll{(/j^<3)}QeC(R")Lif^;J(R'') ^ '^ll/IUif|;, 



Theorem 3.2 generalizes the well known results on 5p^^(R") and Fp^^(M") in [10, 11, 12, 
13, 3, 5] by taking r = 0. 

Next we establish the smooth atomic decomposition characterizations of AHp^^MP'). 

Definition 3.3. Let s G M, p G (l,oo), q G [l,oo), r and A'' be as in Definition 3.2. A 
function aq is called a smooth atom for AHpJ^^W^) supported near a dyadic cube Q, if 
there exist K and N with K > max( [s -|- 3nr -|- IJ , 0) and N > N such that ag satisfies 
the following support, regularity and moment conditions: suppag C SQ, \\d'^o,Q\\Loo(^n) < 

\Q\-^-^ if It! < K, and x^agix) dx = if \j\ < N. 

A set {aQ}Q,=x>(K") of functions is called a family of smooth atoms for AHplq(W^), if 
each ag is a smooth atom for AHp^q(W^) supported near Q. 

Remark 3.2. We point out that in Definition 3.3, the regularity condition of smooth 
atoms can be strengthened into that ||5'^aQ||L°o(Mn) < IQ] 2 n for all ]7] < AI, where 
M can be any sufficiently large constant depending on s, r, p and q; see Grafakos [15, 
Definition 6.6.2] for the details. 

It is clear that every smooth atom for yliJp|g(M") is a constant multiple of a smooth 
synthesis molecule AHplq{W^). Once we establish Theorem 3.2, an argument used in [12, 
pp. 60-61] or [5, pp. 1495-1497] yields the following conclusion; we omit the details. 

Theorem 3.3. Let s, p, q, r be as in Lemma 3.3. Then for each f G AHpll{W^), there 
exist a family {aQ}QeD(R") of smooth atoms for AHplq{W^), a coefficient sequence t = 
{^o}(3ei'(R") ^ aHplq{W^), and a positive constant C such that f = '^q^xi(R'^)^Q^Q ^'^ 
5^(M") and |l^|laij|.j(Kn) < C'll/IUij|;J(R")- 
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Conversely, there exists a positive constant C such that for all families {o-Q^QeviM.^) 
of smooth atoms for AHp^{W^) and coefficient sequences t = {tQ}Q^x>{M") ^ 0'Hplq{W^), 
\\^QeV{R^) *Q'*QlUii-^;J(M») - ^ II * II aif^;J (M") ■ 

Theorem 3.3 again generalizes the well known results on Bp^iW^) and Fp^iW^) in 
[10, 11, 12, 13] (see also [3, 5, 15]) by taking r = 0. 

4 Pseudo-differential operators and trace theorems 

In this section, we give some applications of the smooth atomic and molecular decom- 
position characterizations of AHplq{W^), including the boundedness of pseudo-differential 
operators with homogeneous symbols in these spaces and their trace properties. We first 
recall the notion of homogeneous symbols; see, for example, [16]. 

Definition 4.1. Let m G Z. A smooth function a defined on x (M^ \ {0}) belongs to 
the class ^^^(M"), if a satisfies the following differential inequalities that for all a, /? e Z" , 

sup ier"'~i"i+i'^i|5^5fa(x,oi < oo. 

a:eIR",^e(R"\{0}) 

As an application of the smooth molecular decomposition of AHplq{W^) (Theorem 3.2) 
and the Calderon reproducing formula (2.2), we have the following conclusion. 

Theorem 4.1. Let m e Z, s e R, p € (l,oo), q G [l,oo) and r G [0, jp^]- Let a be a 
symbol in S'™^(M") and a(x,D) be the pseudo-differential operator such that 

a{x,D)f{x)=f a{x,i){Ffme'-Ui 

for all smooth synthesis molecules for AHp'^^''^ (W^) and x G M". Assume that its formal 
adjoint a{x,D)* satisfies a{x,D)*{x^) = inS'^{W) for all /? G Z^ with < max{-s-F 
2rir, — 1}. Then a{x,D) is a bounded linear operator from AHp^"^'^(W^) to AHplq(W^). 

Proof The proof is similar to that in [14, 9, 23, 24, 16]; see also [22]. We abbreviate T = 
a{x, D) for simplicity. Let / G AHp'^"^''^ (W^) and (p be as in Definition 1.1 such that for all 
^ G M", Zljgz l-^V'(2~"''?)P = Xr"\{o}(C)- Then by the Calderon reproducing formula (2.2), 
we have / = Y1q<^v(k^)U ^^q)^Q moreover, by the (^-transform characteri- 

zation of AHp'^q"^''' (MP) (see Theorem 2.1), we see that ||{(/,<^Q)}Qei'(M")ILH^+™'"(R") ~ 
ll/IUi?^+'"--(R")' equivalents, ||{|Q|" " (/, ¥'Q)}QeD(R") llai/^;J(R") ^ H/IUh^+^'^R")- 

We claim that T{f) = T.Q^viw-){f,VQ)T{vQ) m 5^(M") with ||r(/)||'^^.;.(^„) < 
||/||^^s+m,T|.g,j^. To this end, by Theorem 3.2 (i), it suffices to show that every \Q\'^T{(pq) 

is a constant multiple of a synthesis molecule for AHpJ^{W^) supported near Q. This fact 
was established by Grafakos and Torres [16]; see also [22]. We then conclude that T is 
bounded from AHp'^™''^ (MP') to ARpJiiMT'), which completes the proof of Theorem 4.1. □ 
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We remark that Theorem 4.1 generahzes the corresponding classical results in Besov 
spaces and Triebel-Lizorkin spaces obtained by Grafakos and Torres [16, Theorems 1.1 
and 1.2] when p £ (1, oo) and q G [1, oo) by taking r = 0. 

As an apphcation of smooth atomic decomposition of AHplqiW''), we are now going to 
show the trace theorem. For x = {xi, - ■ ■ , Xn) G M", we set x' = {xi, - ■ ■ , Xn-i) G M'*"-^. 

Theorem 4.2. Let n > 2, p £ {l,oo), q G [l,oo), r G [0, and s G (| + 2nr,(X)). 

Then there exists a surjective and continuous operator 

S-- " - 

Tr : / G Ai?|;;(M") ^ Tr(/) G Ai^p,/'""^ (M""^) 

suc/i that Tr{f){x') = f{x',0) for all x' G M"~^ anc? smooth atoms f for AHp'^iW). 

To prove this theorem, we need the following technical lemma. 
Lemma 4.1. Let d G (0, n] and be an open set in M". Define 

Htin) ^Ml±r^:nc\J > ^^^^^^ 

T/ien H'^{Q) and H^{^) are equivalent for all S7. 

Proof. The inequality H'^{Q,) < H^{Q) is trivial from the definitions. To prove the con- 
verse, we choose a ball covering {B{xj,rj)}'jLi of Q such that X]jt=i^j ^ 2H'^{Q). Let 
be a Whitney covering of satisfying n = UjL^B{Xj, Rj), i?j/1000 < 
dist(Xj,dQ) < Rj/WO and X^jgpjXRj < see, for example, [15, Proposition 7.3.4]. Set 

Ji = {j G N : {B{Xj,Rj) n B{xk,rk)) / and i?^ < 4rfc for some G N } 

and J2 = (N \ Ji). Notice that if G N satisfies {B{Xj,Rj) n B{xk,rk)) 7^ for some 
j G J2, then B{xk,rk) C B{Xj,2Rj), since < -Rj/4. With this in mind, we define 

K2 = {keN : {B{xk, rk) n B{Xj,Rj)) 7^ for some j G J2}, 

and Ki = {'N\ K2). It is easy to see that 

\J B{xk,rk) C I U B{xk,rk)\J (j B{Xj,2Rj) \ . (4.1) 
k=i \keKi jeJ2 J 

Furthermore, for each /c G N, the cardinality of the set {j G J2 '■ {B{xk,rk)riB{Xj, Rj)) / 
0} is bounded by a constant depending only on the dimension. Hence, we have 

00 / 



E-'+E E \B{xk,n)\i 

kGKi jeJ2 \k£K2,iB{xk,rk)nB{Xj,Rj))j^(D 
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Notice that B{Xj,Rj) C O C (U^^S(xfe, rj^)). Then for each j G J2, we have 
B{Xj,Rj)c< 

Since d G (0, n], by the monotonicity of we see that 



[J B{xk,rk) 



> I 51 |S(a;fc,rfc)| I > \B{Xj,Rj)\^. 

As a consequence, ^fcLo'^fc Sfce-ft'i ^fe + J2jeJ2^j^ which combined with (4.1) yields 

that H^m < ZkeK, 4 + Ejej.C^Rjr < EkeK, 4 + Ejej. ^ Ek=o 4 < H^m- 

This finishes the proof of Lemma 4.1. □ 

Proof of Theorem 4- 2- For similarity, we concentrate on the space BHplq{R"'). By Theo- 
rem 3.3, any / G BHp^(R^) admits a smooth atomic decomposition / = EQeV(R") ^Q^Q 
in 5^(M"'), where each aq is a smooth atom for BHplq(W^) and t = {tQ}Qexi(M") C C 
satisfies PUfe^s^T^jj^^ < ||/||^^s>t^jjj„j. Since s > 1/p + 2rar, there is no need to postulate 
any moment condition on ag. Define 



By the support condition of smooth atoms, the above summation can be re-written as 
2 



We need to show that (4.2) converges in S'^{MP~^) and 



ll^(/)ll . 



< 



To this end, by Theorem 3.3, it suffices to prove that each [^(Q')] ^ '^Q' x[{i-i)e.{Q').u(Q')){*' : 0) 

supported near Q' and for all i G {0, 1, 2}, 



-1 " 

is a smooth atom for fiijp,/'""' ' (M"-i 



{[^(<9')] ''tQ'A{i-mQ')Mm)] Q, 



Q'eX'(K"-i) 



< 00. 



6ifp,g'''"^^(M"-l) 



(4.3) 



Indeed, it was already proved in [22] that [^(Q')] ^ '^Q'x[(i-i)^(Q'),j^(Q'))(*'' ^) ^ smooth 

By similarity, we only prove (4.3) when i = 1. Let w be a 



atom for BHp^q"'"-^ (M"-^ 
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nonnegative function on M""*"^ satisfying (1.1) and 



Qei?j(iR") 



For all A G (0,oo), set Ex = {x e W : [Arw(x)](*'^«)' > A}. Then there exists a ball 
covering {-B^}^ of Ex such that 



JiT(p\/qy 



(4.4) 



where rs^ denotes the radius of Bj^. Let be the (n — l)^^(p V g)'-Hausdorff 

capacity in W^~^ and define u on M" by setting, for all x' G W^~^ and t G (0, oo), u){x' , t) = 
Csup|2:„gR;|a;„|<t}'^((2;')a^n))i)) where C is a positive constant chosen so that Nuj{x') < 
Nu{x',Q) for all x' G W''^. Therefore, if [iV2(a;')]^'^«)' > A, then [iVa;(x', 0)](P^«)' > A, 
and hence (x',0) G S-m for some m, which further implies that Ex = {.x' G W^~^ : 
[A^S(x')](*'^^)' > A} C {^mBl,), where is the projection of from M" to M"-^ This 
combined with (4.4) further yields that 



r ^ /•oo ^ ^ /•oo 

/ [A^w(x')](^''*)'di?"^(*'''«)'(x') = / H^'^^'^iy (Ex) d\ < / H''^^'"iy {Ex) d\ 
Furthermore, 



< 1. 



Q'6X)(M"-i) 



E 



[£(Q')]-^^-'^+'lVx[o,W))l' /,['^(^''2-^)]-^'dx' 



mOl-^^-'^IVxlCW))!^ / [a;(x,2-^)]-^'dx 

Q'eX>j(]R"-i) 



1 n 



which implies that Tr is well defined and bounded from BHp'q(W^) to BHpq^' 
Let us show that Tr is surjective. To this end, for any / G BHp^q^ 

„ 1 'n 
• S , T 

by Theorem 3.3, there exist smooth atoms {aQ'}Qi^v{w<--'^) foi" BHp,q^ " 
coefficients t = {iQ'}Q'eD(iR«-i) such that / = EQ'eD(iL"-i) ^'oo 



pn— 1 



(M"-i) and 



on— 1"; 



< 



and 

Let G C^(M) with supp^? C {-\,\) and 



V?(0) = 1. For all Q' G P(M''-^) and a; G M, set ipQ'{x) = 99(2" '°g2 ^C^'^x). Under this nota- 
tion, we define F = X^Q/gxi(M"-i) ^Q'0'Q''^VQ' ■ It is easy to check that for all Q' G V{W^~^) 
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[i{Q')] ^ag'^ipQi is a smooth atom for BHp^{W^) supported near Q' x [0,£{Q')). Hence, 
to show F G BHplq{W), by Theorem 3.3, it suffices to prove that 



< 



Let w satisfy J^„_,[Ni:;{x')]^P^iy dH^'^^P'^iy {x') < 1 and 



E 



< Pll . s-^.-n^T 



By Lemma 4.1, for each A G (0, oo), there exists a ball covering {B^}jn = {B{xB^,rB^)}m 
of = {x' e : [m{x')](P'"iy > A} such that Em^sl^'"'"^' ~ 5r^''''^'(il) ~ 

Hnr{pyq)' (^Ex) and that rg^ > dist(xB*^, 5^a)/10000 for all m. For all x = {x' ,Xn) G 

m m 1 

and t G (0, oo), define a;(a;, t) = a;(x', t)x[o,t) (a^n)- Notice that if Nuj{x', Xn) > A , then 

1 

a;(y',t) = oj{{y' ,yn),t) > A(^^ for some - {x',Xn)\ < t and y„ G [0,t). Then 

Nu{y') > Xip-^iY and thus, y' G -B;^ for some m. Since for all G B{y',t), Noj{z') > 

a;(y',t) > A(^^, we sec that B{y',t) C Ex C (Um-B*J, and hence, t < lOOOOrs^. Notice 
that Xn G [0,t). We have G (200005;^) x [0, 20000rB*^ ) and Ex C Um(200005;„) x 

[0,20000rs;^), which further implies that H^'^^P'^iy (Ex) < Em^s*!^^"^' ~ ^'^^(?'^«)'(^a) 
and 

/• /-oo POO ^ ^ 

\ [iVa;(x',x„)](f^'?)'di7"^(f^«)'(x) = / H'^^^^'iy (Ex)d\< \ H^'^^^iy {Ex) dX 

< / [Ni:;{x')]^P'^''y dH''^^P'^''y{x') <1. 

Therefore, we have 

{[KQ')]^iQ'}Q'eV{M.n-i) 



< 



< 



E 



E 



Q'eo,(M"-i) Jq'x[0AQ')) 



E i<5r^'^+^^''i*Q'r [ [^{x',2-^)rpdx' 

Q'ex>j(M"-i) '5' 



< lUII 



< 



bifp,/'"^ (R"-i) 



which imphes that F G BHplqCM."-) and ||-^|lB//s>^(]Kn) ^ 



Sifp,/'"^^{K"-i) 



Further- 



more, the definition of F implies Tr{F) = f, which completes the proof of Theorem 
4.2. □ 
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We point out that Theorem 4.2 generalizes the corresponding classical results on Besov 
and Triebel-Lizorkin spaces for p G (1, oc) and q G [1, oo) by taking r = 0; see, for example, 
Jawerth [17, Theorem 5.1], [18, Theorem 2.1] and Frazier-Jawerth [12, Theorem 11.1]. 
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